We derive an analytical expression for the growth rate of matter density perturbations on the Phantom brane (which is the normal branch of the DGP model). 
Because of the ghost problem, the self-accelerating branch is of limited interest, while the normal branch is physically viable and consistent with current cosmological observations.
Describing the cosmological solution of the normal branch in terms of effective dark energy, one notes that it has a phantom-like effective equation of state w eff < −1 at late times, but does not run into a big-rip future singularity [9] [10] [11] [12] [13] . In view of this property, the term 'Phantom brane' was proposed for the normal branch in [14] . This model will be in the focus of the present investigation.
In the literature, the Phantom braneworld model has been confronted against various distance measures [12, 13] , specifically, from Type Ia supernovae, Baryon Acoustic Oscillations (BAO) and CMB observations. A recent study [13] showed that these distance measures are consistent with the presence of an extra dimension, and constrain the brane parameter, defined in (4), to be Ω ℓ 0.1 at 1σ; also see [15] [16] [17] [18] . An important feature of the Phantom brane is that its expansion rate is slower than ΛCDM, i.e. H(z)| brane < H(z)| ΛCDM . This intriguing property allows the braneworld to better account for measurements of H(z) at z ∼ 2, reported in [19] , which appear to be in some tension with ΛCDM; also see [20, 21] .
To test braneworld cosmology at the linear perturbative level, one needs to know the behaviour of matter density perturbations in this model. This is usually described in terms of the growth rate f = d ln δ m /d ln a, where δ m = δρ m /ρ m is the matter density contrast.
For the ΛCDM model and for a large variety of dynamical dark energy models with slowly varying w, the growth rate can be approximated as
where γ is the growth index [22] [23] [24] . For low redshifts, γ is a slowly varying function of z, close to some constant γ 0 . The value of γ 0 depends on the equation of state w, and thus the growth index can be used to discriminate between different models of the dynamical dark energy. For example, when w = −1 (as in the ΛCDM model), we have γ 0 = 6/11.
The parametrization (1) can also be applied to the description of perturbations for some modified gravity theories. In particular, the behavior of the growth index in the self-accelerating branch of the DGP braneworld model is given by (1) with γ 0 = 11/16 [25] [26] [27] [28] . This approximation can be improved assuming that the growth index is a function of z. Successful parametrization of the growth index allows one to reduce the discrepancy between (1) and the numerical solution for the growth rate to a relative value below 0.04%, as reported by [29] , and even below 0.028% [30] .
At the same time, it was argued that parametrization in terms of the growth index γ alone is not enough to get a satisfactory growth rate for all modified models of gravity [31] .
Discussion about a possible universal parametrization for modified gravity models continues, and, in this paper, we hope to provide additional inputs to this debate.
In contrast to [31] , we restrict our investigation to a specific model of modified gravity, the Phantom brane. Our aim will be to find an analytic expression for the growth rate on the Phantom brane and to study whether the parametrization (1) works in this case.
Our paper is organized as follows. In Sec. II, we discuss the peculiarities of the background cosmological evolution on the Phantom brane. In Sec. III A, we perform a series expansion of the growth rate in this model in the asymptotic past, thus getting an approximate solution valid for z ≫ 1. In Sec. III B, we describe the process of finding a parametrization that fits the asymptotic expansion in the asymptotic past, and compare the resulting parametrization with the numerical solution for the growth rate. In Sec. III C, we study solutions of the growth function in the asymptotic future. A successful ansatz, valid for z 0, is described in Sec. IV. Our results are summarized in Sec. V.
II. BACKGROUND COSMOLOGICAL EVOLUTION
The Phantom brane is the normal branch of the braneworld cosmological solution. For a spatially flat brane embedded in the flat bulk space-time, the following expression describes the evolution of the Hubble parameter H =ȧ/a in this model [14] :
Here, ρ m is the energy density of matter, 1 1/m 2 = 8πG is the gravitational constant, σ is the brane tension and ℓ is the length scale which describes the interplay between the bulk and brane gravity. 1 In the following, we are interested the evolution of cosmological perturbations commencing in the matterdominated epoch, when contributions from radiative degrees of freedom can be neglected.
Equation (2) can be written in a form that expresses ρ m in terms of H:
One can see from (2) and (3) that cosmological evolution on the Phantom brane has the general-relativistic limit when ℓ → ∞. In this case, the braneworld model is equivalent to the ΛCDM model with σ/m 2 playing the role of Λ-term. We are interested in exploring effects stemming from large, but not infinite, values of ℓ.
It is convenient for further purposes to introduce the dimensionless variables
where H 0 and ρ m,0 are the values of Hubble parameter and matter density at the present epoch. In terms of these variables, the evolution of the Hubble parameter becomes
Here, z is the cosmological redshift, related to the cosmological scale factor as 1 + z = a 0 /a.
At the present epoch (z = 0), H = H 0 , which provides the constraint
The quantity Ω ℓ parameterizes deviations from the ΛCDM model. The general-relativistic limit ℓ → ∞ is equivalent to Ω ℓ → 0.
A. Properties of the effective dark energy
The background cosmological evolution in this braneworld model can well be described in terms of the effective dark energy. The energy density ρ E and pressure p E of the effective dark energy are defined via the following relations [32]
For the Phantom brane, this definition gives
and
where w E = p E /ρ E is the equation of state (EOS) of the effective dark energy.
Note that the temporal (or redshift) evolution of w E has a pole at the moment when
The corresponding values of redshift can be calculated from (5):
In the domain z > z p , we have h > h p . Consequently, ρ E < 0 and w E > −1 during this period of time in the past. After crossing the pole, when z < z p , we have ρ E > 0. The effective equation of state in this region demonstrates the phantom-like behavior w E < −1 under the condition
In particular, at the present moment of time (when z = 0 and h = 1) we have
The phantom-like behavior at the present epoch is the key feature of the Phantom braneworld model. Note that, in contrast to several phantom models, the Phantom brane smoothly evolves to a de Sitter stage without running into a future singularity [9, 11] .
B. Hubble evolution in terms of the variable Ω m
An interesting expression describing
as a function of the expansion history, h, emerges from from (3):
The relation Ω m (h) given by this equation is illustrated in Fig. 1 . Note that, in contrast to general relativity, Ω m is not a monotonic function of h on the Phantom brane. Instead, With increasing redshift, Ω m first increases to this maximum value and then decreases to unity as h → ∞.
The energy density and equation of state of the effective dark energy (7) in terms of the variable Ω m can be expressed as
Note that the point Ω m (z p ) = 1 represents a pole in the EOS of the effective dark energy.
Dark energy is phantom-like (w E < −1) in the region Ω m (z) < 1, and Quintessence-like
III. EVOLUTION OF THE GROWTH RATE
The theory of cosmological perturbations on the brane is quite involved because of the presence of a large extra dimension. In particular, the bulk gravitational effects can lead to a non-local character of the resulting equations on the brane. Fortunately, the description of perturbations on sub-Hubble scales can be significantly simplified by using the quasi-static approximation [34] which is based on the assumption of slow temporal evolution of the five-dimensional perturbations on sub-Hubble spatial scales. The validity of the quasi-static approximation for the Phantom brane model was established in [14, 33] .
Evolution of the matter density contrast δ m = δρ m /ρ m for the braneworld model in the quasi-static approximation is given bÿ
where g E is a time-dependent function that can be regarded as a renormalization factor for the gravitational constant. For the Phantom brane, it is given by the relation
with
where w E is the effective equation of state of dark energy, given by (16) .
We introduce the growth rate f following [23] :
Its evolution can easily be determined from (17):
We are interested in the behavior of f as a function of Ω m . In terms of the new variable
where we have used the relation
Branworld-specific effects in (22) are encoided in the effective equation of state w E . An additional modification, specific for the braneworld model, comes from the factor g E , which renormalizes the gravitational constant for cosmological perturbations.
Note that the point Ω m = 1, where the equation of state of the effective dark energy has a pole, is a regular point for the differential equation (22) . So we do not expect any singularity in the behavior of f at the moment of crossing the pole.
A. Series expansion in the asymptotic past
To find a solution of (22) in the ΛCDM model, one applies the method of series expansion
around Ω m = 1. In this case, the limit Ω m → 1 is equivalent to z → ∞, and the corresponding series expansion gives the best result for the values z ≫ 1. Still, parameterizing the asymptotic solution as
one finds that the growth index γ varies very slowly with Ω m . Thus, solution (24) with γ 0 ≈ 6/11 describes the behavior of the growth rate with a sufficient accuracy in the whole range z 0 [23, 24] .
We might expect a similar result for the braneworld model. However, repeating the general-relativistic analysis is impossible in this case because Ω m is a non-monotonic variable in the braneworld model. It crosses the value Ω m = 1 when z = z p , and then tends again to
Consequently, if we wish to describe the behavior of the growth rate in the whole range z 0, another variable should be chosen. Requiring this variable to be monotonic for z 0, we choose it to be
where h(z) is the dimensionless Hubble parameter (5). The specific feature of this new variable is that x is a monotonically decreasing function of redshift z, with x(0) = 1 and
Our idea is to find the series expansion for f (x) around x = 0. We hope that, properly parameterizing the solution, we will be able to use this expansion to describe the behavior of the growth rate at the present epoch (corresponding to values of x close to unity).
In terms of the variable x, we have
The evolution of the growth rate is now given by
where
and Ω m (x) is defined by (26) .
In the following, we suppose that x is sufficiently small 2 so that both conditions
are satisfied. We seek the solution of (27) in the form of a series expansion:
Performing the series expansions of (27) to the same order, we determine the coefficients:
This solves the problem of finding a series expansion for the growth rate in the asymptotic past, where z ≫ 1 and x ≪ 1. Now we study the possibility to parameterize the behavior of the growth rate in a way that extends this result to the broader range x 1.
B. Parametrization of the growth rate in the asymptotic past
In analogy with the ΛCDM model, we expect that the perturbative expansion of the growth rate can be represented as the power of some expression with a slowly varying exponent. We will now try to find the correct parametrization of this form that fits the series expansion obtained in the previous section.
We consider the following ansatz for the growth rate:
This expression is a natural generalization of the ΛCDM parametrization f = Ω γ m . The coefficient γ 2 here describes the correction of the general-relativistic growth index γ due to brane effects. But, as we are about to show, modification of the growth index is not enough to describe the behavior of the growth rate in the braneworld model. Therefore, we introduce here the additional factor 1 + b √ Ω ℓ x β , which becomes unity in the general-relativistic
limit Ω ℓ → 0. The importance of this factor for the braneworld model is determined by the values of the coefficients β 0 , β 1 , and b, which will now be established.
Using (26), we perform a series expansion of (32), valid under conditions (29):
Now we compare these coefficients with the numerical values (31) . Naturally, we start with the condition that the coefficients corresponding to linear terms coincide, namely,f 1 = f 1 andf 3 = f 3 . This results in
Now, from the conditionsf 2 = f 2 andf 5 = f 5 , we determine
Finally, fromf 4 = f 4 , we have
We see that β 1 can be made zero if we choose b ≈ 3.383. In this case, we have
So, finally, our parametrization is
The analytical parameterization of the growth rate given by (44)- (46) is expected to be valid at early times, when Ω m is close to unity, hence x is quite small. We have no reasons to believe that (44)-(46) will be valid for x ∼ 1. Recall that Ω m is not a monotonic function, and this fact may result in a different parametrization for x ∼ 1.
Let us compare the analytical expression (44)-(46) with the solution for f obtained by the numerical integration of (22) (see Fig. 2 ). As expected, (44)-(46) accurately matches the numerical solution at early times and becomes inaccurate at late times, when Ω m falls significantly below unity. We also note that, as we increase Ω ℓ , the analytical expression starts to deviate from the exact solution at higher values of Ω m (i.e., at earlier time) and the deviation at the present epoch is larger.
For comparison, we also plot in Fig. 2 the general-relativistic (GR) parametrization,
It is evident from this illustration that the GR parametrization fails to describe the behavior of the growth rate in the braneworld model. In fact, the exact (numerical) solution for the growth rate is multivalued in the range Ω m 1. Therefore, the growth rate on the Phantom brane cannot in principle be described by the GR parametrization, f = Ω γ m , which is single-valued for all Ω m . To correctly describe the exact solution of f at all times, we need to introduce an extra factor, such as the one in (44).
To get closer to the parametrization valid for all times, we also need to study the future asymptote for the growth rate. This is done in the next subsection. As is expected, the analytical solution (44)- (46) is very accurate at early times. At late times, solution (44)-(46) starts to deviate from the numerical solution as Ω m becomes significantly lower than unity. As we increase Ω ℓ , this deviation becomes more profound at the present epoch.
C. Future asymptotics
Here, we try to obtain the solution for f in the distant future when Ω m → 0 (or z → −1).
In both GR and the Phantom braneworld, w E → −1 in the distant future. Using a simple trial solution
one can find from (22) that γ = 2/3 in both general relativity and the braneworld model, by neglecting terms proportional to f 2 and Ω m . Indeed, in the limit Ω m → 0, one can neglect Ω 2γ m and Ω m with respect to Ω γ m assuming γ < 1 in advance. The constant C in (47) can be determined from the numerical integration of (22) . In general relativity, we get
where the constant C GR ≈ 1.73 is quite robust under variation of the parameter Ω m0 . The behavior of the growth rate in the asymptotic future in general relativity is illustrated in Fig. 3 . For the Phantom braneworld model, we found the following asymptotic solution:
Numerical analysis reveals that the constant C BW here can be related to the generalrelativistic value C GR as follows:
which is valid for a huge range of Ω ℓ .
Thus one can conclude that, in the future asymptotics on the Phantom brane, we have
where C GR ≈ 1.73, γ ≈ 2/3, and β and b are the same as in (46) and (54): β = 0.084, b = 3.383. Therefore, in both the past and future asymptotics, the growth rate on the Phantom brane behaves as
The deviation of the past asymptotic analytical solution for f , given in (44) Remarkably, the growth rate on the Phantom brane acquires the same additional multi-
β to its GR counterpart in both the past and the future asymptotics. So we can expect that the parametrization
will be reasonably valid at all times (past-present-future). This assumption will be confirmed by the numerical simulations described in the next section.
IV. UNIVERSAL PARAMETRIZATION OF THE GROWTH RATE
As we demonstrated in the previous section, the growth rate f for the Phantom brane model behaves differently at different asymptotics. Parametrization (44)-(46) works well in the asymptotic past, but fails to fit a numerical solution at the present epoch. Therefore, in this section we seek for an ansatz that describes the evolution of f reasonably well in the past, at least till the present epoch. We have tried to get better fit with the numerical result by changing the values of the parameters in (44)-(46). In this way, we were able to find the ansatz that gives excellent match to the numerical solutions till the present epoch. The ansatz is given by 
with the growth index γ and other parameters given in (54)-(55). Such a form of the growth rate provides an excellent fit to numerical simulations from very large z to the present epoch.
We have established that the above parametrization is highly accurate (the maximum error is of the order 0.1%) for a wide range of the brane parameter Ω ℓ .
The standard general-relativistic parametrization f = Ω 
